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'’.'snerallzed  Pauli  and  Blraa  matrlcas  are  derived  for 
arbitrary  Rlemannlan  epaoes.  'a:ac  determination  of  euoh 
i-.atriues  Is  based  on  tHe  theory  of  transformations 
to  prlnolpal  axest  whloh  Is  de'Mlcped  from  a  nee  point 
of  vice  and  expressed  by  explicit  formulae>  The  > 
rol:.tlonshlp  between  tensoro  an.',  spinors  Is  defined  In  a 
very  rjBntVAl  way»  and  H.  V/eyl'a  '.iioory  of  oavarlnnt 
spinor  differentiation, (see  II«  W2yi,  Elektron  and 
^/".'avltatlont  Zeltsohr.  f,  Tnys..  19^9)  is  aanerallzed 
In  accordance  with  the  general  t  ../tror-splnor  relationship 
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2.  General  Introduotion 


In  his  classical  paper  cn  the  spinning  electron  P.  A.  M.  Dirac 
asked  whether  it  is  possible  to  interpret  the  square  sum  of  four 
variables  as  the  square  of  a  linear  form: 


x^  +  =  (p^x^  ^  P2X2  +  P3X5  + 

The  coefficients  p^  must  then  be  quantities  satisfying  the 
relations 


2 

Pi 


=  1  . 


Pi^k  Pk^i  “  0  ^)- 


Four  quantities  of  this  kind  define  a  certain  non-commutative 
associative  abstract  algebra,  which  was  introduced  by  W.  K. 
Clifford  as  early  as  1878:  Am.  Jour,  of  Math.  1,  1878,  p.550. 
If  we  now  consider  x^ ,  X2 ,  x^.  =  ict  as  the  coordinates  of 

space-time,  then 


2  2  2  2  „ 

X.  +  X,  +  X,  +  X.  =  0 

1254 

is  the  equation  of  the  light-cone  ,  the  generators  of  which  are 
the  possible  paths  of  light.  In  the  restricted  theory  of 
relativity  normal  coordinate  systems  for  space-time  are  connected 
'.iiith  each  other  by  arbitrary  I.or^ntz  transformations,  i.e.  by 
any  real  linear  transformation  which  leaves  the  form 

2  2  2  2 
X.  +  x„  +  X-  +  X. 

1254 

invariant  and  which  does  not  in'erchangc  past  and  future,  Lorentz 
transformations  constitute  a  group,  the  "complete  Lorentz  group", 
and  this  group  describes  the  homogeneity  of  the  4-dimensional 
world.  This  group  consists  cf  "positive"  and  "negative"  transforma¬ 
tions,  i.e.  transformations  witt  determinants  +1  and  -1, 
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reapectively#  The  former  constitute  the  "restricted  Lorentz 
group" ,  from  which  the  complete  group  is  obtained  by 
introducing  in  addition  the  spatial  reflection 

An  important  mathematical  fact  is  the  following: 

any  binary  linear  transformation  with  determinant  of 

absolute  value  1  induces  a  positive  Lorentz  transformation 

in  the  x..  Transformations  which  differ  only  by  a  factor 
J 

e^'''  of  absolute  value  1  give  rise  to  the  same  group  element. 

A  new  aspect  arises  in  the  general  theory  of  relativity. 

Einstein  recognizes  as  the  source  of  the  gravitational  forces 
the  metrical  structure  of  the  world  and  considers  this 
structure  as  a  formal  property  of  the  world.  According  to 
this,  it  must  be  assumed  that  the  world-points  form  a  four- 
dimensional  manifold,  on  which  a  measure  determination  is 
impressed  by  a  non-degenerate  quadratic  differential  form  Q 
having  one  positive  and  three  negative  dimensions.  In  any 
coordinate  system  (i  =  l,2,ii,4),  in  Riemann's  sense,  let 

Q  = 

Physical  laws  will  then  be  expressed  by  tensor  relations  that 
are  invariant  for  arbitrary  continuous  transformations  of  the 
arguments  x^^ .  Row  the  question  arises  whether  the  correspondence 
between  the  Lorentz  group  and  the  binary  unimodular  group  has 
an  analogon  in  the  general  theory  of  relativity.  The  purpose 
of  our  investigations  is  to  answer  this  question.  Attempts 
in  this  direction  were  made  by  several  authors  more  than 
30  years  ago  (Fock-Iwanenko  ,  V/eyl ,  Einstein,  Schr’ddinger , 
Levi-Civita,  and  others,  see  our  list  of  literature  in  the 
First  Final  Technical  Report  and  at  the  end  of  this  report. 

In  all  these  attempts  rigid  local  "four-legs"  are  used  in 
order  to  transfer  the  classical  srinor  concept  to  Riemannian 
geometry.  Our  studies  have  the  advantage  of  being  without 


h 


I 
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such  rigid  restrictions.  Tne  most  important  conception  we 
have  introduced  is  our  fundamental  decomposition  formula 
of  the  first  year.  It  is  the  mathematical  basis  on  which 
the  theory  elaborated  in  the  second  year  is  established. 
The  content  of  these  recent  studies  is  comprehended  in  the 
abstract,  cf.  page  1. 


3.  Generalized  Pauli  matrices 


Pauli's  spin  matrices 


/O  -i 

,  .  U(2)  =/  ) ,  U(3) 

\  1  0  /  \  i  0 


1  0 

0  -1 


fulfil  the  commutation  relations 


U(j)U(k)  +  U(k)U(j)  =  26(jk) 


j  2  (j  -  k), 
to  (j  ^  k). 


The  indices  are  written  as  arguments  because  they  denote 
neither  covariance  nor  contravariance .  The  linear 
combinations 

Vj  =  a^(k)U(k) 

are  said  to  be  generalized  Pauli  matrices  if  they  fulfil 
the  commutation  relations 


where  the  functions  g^j^  are  to  be  interpreted  ai  the 
components  of  the  metrical  fundamental  tensor  of  the 
space  under  conwideration.  The  question  now  arises  what 
conditions  have  to  be  satisfied  by  the  coefficients 


a.(k).  It  ia  ansvsered  eaaily:  Prom 

U 
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-  (aj(l)aj^(m)  +  aj^(l)a^(m))U(l)U(m)  - 

-  aj(l)aj^(m)(U(l)u(m)  +  U(m)u(l))  - 

-  2a^(l)aj^(l) 


we  see  that  the  condition 

a.(l)aj^(l)  .  g.j^ 

has  to  be  satisfied.  Such  metrical  decompositions  have  been 
derived  by  several  authors  ( Einstein »  Voek-Iwanenko >  V7eyl » 
and  others {  cf.  our  list  of  literature  in  the  First  Final 
Technical  Report  and  at  the  end  of  this  report). 

In  addition,  Pauli's  matrices  fulfil  the  following  anti¬ 
communication  relations: 

U(2)U(5)  -  U(3)U(2)  =  2iU(l), 

U(3)U(1)  -  U(1)U(3)  -  2iU(2), 

U(1)U(2)  -  U(2)U(1)  -  2iU(3). 

What  are  the  corresponding  generalized  relations  ?  In  order 
to  answer  this  question  we  use  the  matrix  calculus.  On 
Introducing  the  notations 
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I 

r 


A 


G 


/a/1) 

a/2) 

ai(3) 

1  a2(l) 

a2(2) 

a2(3) 

ya3(l) 

a3(2) 

a5(3) 

1  ®11 

®12 

®13 

\ 

1  «12 

^22 

®23 

)’ 

\ei3 

825 

®53 

/ 

* 


we  may  write  the  relations  derived  above  in  the  following 
abbreviated  form: 

V  =  Au  , 

AA'  =  G  , 

and  “  2iu. 

The  relations  under  consideration  are  derived  as  follows: 

l^v  ,v  J  <=  |au,AuJ  *  det(A)A’'’^  “ 

=  2i  det(A)A'"’'u 
»  2i  det( A)A'”\"’%  a 
=  2i  det^/^(G)G"‘'v  . 

Explicitly,  they  read 

V3  -  V2  “  2igV2(g11v^  +  ^ 

Vi  "  ^^3  “  2ig^/2(g^^V^  +  e^^V2  + 

V1V2  -  V2V^  -  2ig^/^(g^5v^  +  g^V2  + 

T  Ic 

where  g  »  det(G)  and  g*'  are  the  components  of  the  matrix 

G”^ ,  i.e#  the  contravariant  components  of  the  metrical 
fundamental  tensor. 


4«  Generalized  Pauli  matrioee 
and  Infinitesimal  motions 


* 

i 

t 

I 

i 
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As  it  la  well-known,  Pauli's  spin  matrices  represent  an 
operator  of  infinitesimal  rotation.  This  fact  is  due  to  the 
relations  of  anticommutation.  Now  we  shall  show  that  our 
generalized  Pauli  matrices  may  also  be  regarded  as 
representing  an  infinitesimal  motion.  Our  proof  is  based 
on  Lie's  theory  of  continuous  groups  of  transformations. 

A  motion  is  a  transformation  M  satisfying  the  relation  of 
automorphism 

M'GM  =  0. 

It  may  be  represented  by  a  matrix 
M  -  (I  +  T)''Vl  -  T), 

where 


with  arbitrary  parameters  s^ ,  S2>  s^. 

According  to  Lie,  an  infinitesimal  motion  is  represented 
by  the  matrices 

Explicit  calculation  yields 


T  - 


and 


g^^Sg-g  8j 


12 
I  * 

23  22 

g  82-g  8 


.53, 


,25, 


5 


g  82-g  '8j 


- 


11 

? 

12 
5 

.15 


13 

83-g  8, 

12  11 
g  a,-g  82 

22  12 
g  S^g  Bg 

.5V’., 

23  13 

g  a,-g  Sg 

'  0 

15  .^23 

CM 

CM 

CM 

a 


From  this  ternary  representation  the  general  anticommutation 
relations  may  be  derived.  They  read: 


T  T  T  T  11 T  12^  15t 

^2*^3  "  ^3*^2  “  ®  J-j  +  6  J2  8 

12  22  23 

Vl  -  "l''3  =  «  -"l  "  "  •'2  ^  fi  "^5’ 

J1J2  -  J2J1  = 

These  relations  are  in  structural  accordance  with  those  for 
the  matrices  ,  ^2*  ^5* 

Therefore,  ,  V2,  form  a  binary  representation  of  the 
operator  of  infinitesimal  motion. 


5»  Generalized  Dirac  matriceg 

The  well-kncwn  Dirac  matrices 


fulfil  the  commutation  relations 
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U(j)  U(k)  +  u(k)u(j)  -  26(dk). 


Therefore,  the  same  procedure  as  in  the  case  of  the  Pauli 
matrices  will  lead  us  to  generalized  Dirac  matrifes  ,  V2» 


Vj  -  a^(k)U(k), 

where  the  coefficients  have  to  satisfy  the  conditions 

aj(l)a^(l)  =  gjj^. 

We  know  from  chapter  3  that  the  generalized  matrices  ,  V2 , 

V, ,  V.  fulfil  the  commutation  relations 
5  4 


^®jk‘ 


These  relations  are  of  fundamental  importance  for  any  general 
spinor  calculus. 


6.  Metrical  decompositions  G  «  AA*  and  transformations  on 

principal  axes 

From  the  preceding  chapters  we  see  that  one  of  the  fundamental 

problems  of  the  spinor  calculus  in  Riemannian  geometry  is  to 

determine  the  coefficients  a.(k)  satisfying  the  condition 

J 

aj(l)a^(l)  . 

which  we  have  written  in  the  form 

AA'  -  C. 

This  matrix  equation  is  equivalent  to  the  equation 

B'GB  -  I, 


where 


f 


The  transformation  B  consists  of  a  transformation  on  principal 
axes  and  of  a  transformation  of  normalization.  The  main 
difficulty  is  to  obtain  the  part  transforming  on  principal 
axes.  This  problem  has  been  solved  theoretically  a  long 
time  ago.  There  is,  however,  no  practicable  explicit  formula 
for  transformations  on  principal  axes  or,  what  is  the  same, 
for  transformations  of  similitude.  We  have  found  such  a 
formula  for  the  simplest  case  of  distinct  roots  of  the 
characteristic  polynomial  belonging  to  the  matrix  to  be 
transformed.  The  theory  of  this  formula  will  be  developed 
in  extenso  in  the  following  chapter. 


7.  On  the  theory  of  similitude  of  matrices 

Two  matrices  are  said  to  bo  similar  to  each  other  if  they 
represent  one  and  the  same  homogeneous  linear  transformation 
in  two  coordinate  systems  which  are  equivalent  to  each 
other.  This  relation  of  similitude  is  a  relation  of 
equivalence  due  to  the  equivalence  of  the  coordinate  systems. 
Therefore,  each  matrix  of  a  class  of  similitude  represents 
the  entire  class. 

Any  homogeneous  linear  transformation  or  class  of  similar 
matrices  may  also  be  characterized  by  invariant  quantities 
the  values  of  which  do  not  depend  on  coordinates.  Such 
invariants  are  the  coefficients  and  the  roots  of  the 
characteristic  polynomial  of  the  transformation,  rational  the 
coefficients,  irrational  the  roots,  which  are  called  the 
eigenvalues  of  the  transformation.  If  all  the  eigenvalues 
are  different  from  each  other,  then  they  will  correspond  to 
a  special  coordinate  system  with  reference  to  which  the 
transformation  assumes  diagonal  form.  This  case  shall  be 
considerea . 

Any  real  or  complex  matrix  R  with  n  rows  and  n  columns 
possesses  a  characteristic  polynomial 

f(x)  -  det(xl  -  R)  - 

n  n-1  , 

-  x  +  a^x  +  ...  +  a^_^x  +  -  (x 


-  -  ^2)  •••  "  ^n^ 
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The  coeffioients  ,  3.2*  •••  ♦  elementary  symmetrical 

functions  of  the  roots  b^,  bg*  ...  *  b^; 

---  f^(b^,  ...,  bj^)  =  -  (b^  +  ...  +  b^), 


f  (b, 
n'  1 


bj  =  (-1)"  b, 


B  donotes  the  diagonal  matrix  with  the  diagonal  elements 

bi ’  b2f  ... »  b^: 

B  «  Diag(b^»b2»  ...»  b^) » 


The  matrix  R  and  the  matrix  B  have  the  same  characteristic 
polynomial.  Therefore, 


f(R)  =  f(B)  =  0 


is  valid  according  to  Cayley  and  Hamilton.  This  identity  is  the 
basis  of  the  property 

RP  =  PB 


of  the  matrix 


^  “  ®n-1^  ®n-2^^  +  B)  +  +  RB  +  B^)  + 


...  +  +  R*^"^B  +  ...  +  Rb’^'"^  +  b”"^ 


The  proof  is  very  simple; 


RP  -  PB  = 

"  ‘^n-l^^  -  B)  +  a^_2(^^  -  )  +  . . .  +  r"^  -  b”  = 

=  f(R)  -  f(B)  -  0. 


If  the  matrix  P  is  regular,  then  the  relation  of  similitude 
P'^RP  =  B 

between  the  matrices  R  and  3  will  follow  from  the  relation 
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HP  a  PB.  In  order  to  investigate  the  determinant  of  P,  we 
shall  consider  the  structure  of  P. 

For  this  purpose  we  introduce  the  diagonal  matrices 

I ^  “  Bi ag (l tO tO) f 
1 2  “  Diag( 0»1 • »0»0) • 


°°  Diag(0»0,0». . .  *0|1  )  . 


The  "projectors"  1^,  l2»  •••»  have  the  properties  of 
complimentarity : 

I-)  +  ^2  •••  + 


cf  idempotenoe: 


and  of  orthogonality: 

^i^k  “  °  i  /  k. 


The  matrices 


Jl  '  I  -  Ii»  •••»  ^  *  ^n 


are  introduced  in  order  to  define  the  matrices 


Bl  =  ^1*^1  »  •••  »  Bn  =  Vn' 


which  are  related  to  the  matrix  B  by  the  identities 


» . . .  ,B^)  =  a^  I  +  B» 


> • ♦ • *B^) 


®n-2® 


+  B' 


n-1 


«  t  • 


-  1 


These  identities  describe  the  rel. tionship  between  the  elementary 
symmetrical  functions  of  n  variables  and  the  elementary  symmetrical 
functions  of  n  -  1  variables.  When  we  consider  the  matrix  P 
in  the  form 

P  o 

„n-1  „n-2/  ,  _v  ,  _  T>n-1 

=  R  +  R  (a^I  +  B)  +  ...  +  a^_^I  +  a^_2B  +  ...  +  B  , 

which  is  ordered  with  respect  to  the  powers  of  R,  then  we  see 
immediately  the  formula 

P  = 

=  r’^  ^  +  r'^  ^f^(B^  ,...,Bj^)  +  ...  +  f^_^(B^,...,B^). 

Now  we  distribute  one  of  the  matrices 

B^  ,  B2»  ...j  B^,  let  it  be.  the  matrix  Bj^,  onto  the  remaining  ones 
in  the  following  way: 


Ci  =  B^  +  Vl»  •••»  \-1  “  ®k-1  Vk- 


1» 


\  '  ®k+1  Vk+i . “^n-l  “  \  ^  Vn* 


The  sum  C.  +  ...  +  C  *  is  equal  tc  the  sum  B.  +  . . .  +  B  . 

1  n»i  in 

The  same  holds  for  the  corresponding  power  sums  of  higher  degree: 


“  (B^  +  +  ...  +  (Bj^_.,  +  Vk-l)^  ^ 

+  (B,,  .  +  b,,!,,  +  ...  +  (5  +  b,  I  . 

'  k+1  k  k+l'  '  n  k  n' 

■nb  Tib  Ji  T.b 

“  Bl  +  •••  +  ®k.1  Bk+1  +  •••  +  ®n  + 

+  bjj(l^  +  ...  +  +  ...  +  i^)  . 

.  b!^  +  ...  +  b||  . 


Vi 
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From  this  we  obtain  the  relations 


f  ^  (C^  » . . .  )  *  f-|  (B^  t  • .  •  »B^)  * 


Therefore,  we  may  write  the  matrix  P  in  the  form 
„n-1  ^n-2. 


=  R  +R  +  ...  +  f^_^(C^ 


Now  it  is  easy  to  show  that  the  matrix  P  will  be  singular  if 
two  eigenvalues  of  R  are  equal. 

We  assume  that  b^  is  equal  to  and  that  i  is  less  than  k.  Then 
the  matrix  will  be  equal  to  the  matrix  b^I ,  which  may  be 

commuted  with  any  matrix.  Therefore,  the  matrix  P  contains  the 
factor  R  -  the  determinant  of  which  is  equal  to 

(-l)’^f(b^).  Hence,  the  determinant  of  P  vanishes. 

From  now  we  propose  that  all  the  eigenvalues  of  the  matrix  H  are 
different  from  each  other.  This  assumption,  however,  does  not 
imply  the  regularity  of  P. 


This  fact  "ay  be  seen  by  the  example  of  the  matrix 

R  =  Diae(l ,-l), 

the  eigenvalues  of  which  are  the  numbers  1  and  -1 . 
possible  matrices  B, 

B  =  Diac(l  ,-1 )  «  R 


and 


B  «  Diar(-1 ,1 )  »  -R, 


involve  the  two  matrices 

P  =.  2R 

and 

P  -  0. 


The  two 


-  15  - 


The  former  one  is  regular,  the  latter  one  is  singular. 

The  following  is  valid  generally:  There  is  at  least  one 
matrix  b  among  all  the  possible  matrices  B,  to  which  a  regular 
matrix  P  is  coordinated.  This  is  the  fundamental  theorem 
of  our  theory.  It  is  proven  as  follows. 

By  V  we  denote  the  set  of  all  variations  with  repetition, 

by  Q  the  set  of  all  permutations  of  the  eigenvalues 

h^ »  ...,  b^.  The  set  Q  consisting  of  n!  permutations 

splits  into  (n-l)!  classes  of  cyclic  permutations,  a  certain 
one  of  which  we  denote  by  Z.  The  sets  V(P),  Q(P),  and 
Z(P)  of  matrices  P  correspond  to  the  sets  V,  Q,  and  Z  of  per¬ 
mutations.  The  matrix 

S  =  f'(R)  =  a„  .1  +  2a^  +  ...  +  nR'^"'' 

n-l  n-2 

is  the  sum  of  all  the  matrices  of  a  class  Z(P).  This  relation 
is  based  on  NEWTON 's  formulae  which  describe  the  connection 
between  elementary  symmetrical  functions  and  power  sums.  The 
determinant  of  S  is  equal  to  the  discriminant  of  the 
characteristic  polynomial  of  f,  disregarded  the  sign.  Hence, 
det(s)  is  different  from  zero.  On  the  other  hand,  it  is 
equal  to  the  sum  of  all  determinants  of  the  matrices  from  V(P). 
This  sum,  however,  is  equal  to  the  sum  of  the  determinants 
of  all  matrices  from  Q(p)  because  all  matrices  from  the  set 
difference  V(P)  -  Q(P)  are  singular.  Therefore,  at  least  one 
matrix  from  Q(P)  must  be  regular.  This  proves  our  fundamental 
theorem. 

V/e  are  not  able  to  say  more  about  the  matrices  P  if  we  do  not 
know  the  structure  of  the  radical  field  of  f. 


•  1 6  - 


6.  The  general  relationship  between  teneors 
and  spinors 

If  we  have  a  metrical  decomposition 
G  -  U*(a5tH)U, 


then  the  connection  between  a  first-rank  tensor  u  and  a 
first-rank  spinor  v  is  given  by 

u  r.  U"^  (v  v) 


because  this  relaticn  involves 

u'Gu  .  (v'H  v)(v'H  v). 

A  transformation  T  of  v  which  is  automorphic  with  respect  to 
H  (T'HT  =  H)  induces  a  transformation 

S  =  U“\f  a  T)U 


of  u  which  is  automorphic  with  respect  to  G 


S  =  G). 

For  U  and  V  =  U" 

1 

we  use 

U2(11) 

Uj(ll) 

/  U^(12) 

u^ilZ) 

^5(12) 

U2(21  ) 

^5(21) 

u^(21 ) 

^2(22) 

Uj(22) 

^4(22)/ 

and 


^^(11) 

v\l2) 

v\2^) 

v''(22) 

V^(11) 

V^(12) 

V^(21) 

v^(22) 

V^(11) 

V^(12) 

v5(21) 

v5(22) 

Vv^ll) 

V^(12) 

v^2l) 

v^(22) 

The  following  relations  of  orthogonality  are  valid: 
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Up(mn)v^(r8)  =  6(mr)6(ns)» 
v^(mn)u  (mn)  =  6^. 

''  q''  q 

Now  the  relations  between  tensors  and  spinors  may  be  writte 
in  the  form 

=  v'V^v  (p  =  1  ,2  ,3  ,4)  , 


where 


vP(l2) 

vP(22) 


The  only  restriction  we  make  is  the  condition  of  Hermitean 
symmetry : 


The  metrical  decomposition 

G  =  U'(H«iH)U 


reads  explicitly: 

«pq  =  Up(mn)u^(rs)5(mr)h(n8). 

From 

gp^v^(mn)v^(r8)  =  Up(ab)u^(  cd)E(ac)h(bd)v^(mn)v’^(r8)  ■ 
=  6(am)6(bn)6(cr)6(d8)E(ac)h(bd)  = 

>  H(mr)h(ns) 

we  derive  the  important  relation 
g  -  HH. 

pq 

Now  we  consider  a  metrical  decomposition 


G  -  AA* 


Using  the  notations 


and 


^(1) 

ai(2) 

ai(3) 

a/ 4) 

a2(l) 

a2(2) 

a2(3) 

a2(4) 

ajd) 

a3(2) 

a5(3) 

a5(4) 

^4(1) 

%(') 

-4(5) 

%(4) 

V(1) 

a^(l) 

a5(l) 

A') 

a^2) 

a^(2) 

a5(2) 

A2) 

a‘'(3) 

a^(3) 

a^(3) 

»‘(3) 

a\4) 

a^(4) 

a^4) 

•"(4) 

we  may  write: 

«pq  = 

=  aP(j)a‘^(j), 

We  say  that 

u(3)  . 

are  the  components  of  the  tensor  u  with  respect  to  the 
"four-leg"  A«  The  ccnversion  is  also  ptssible 


Analogously  we  write 

V(j)  -  ap(j)V^ 


9.  Weyl'a  concept  of  oovariant  epinor 
differentatlon 

In  his  paper  Elektron  and  Gravitation  (Zeitsohr.  f.  Phys.,  54 » 
1929)1  H.  Weyl  inaugurated  a  concept  of  covariant  spinor 
differentiation  which  forms  the  basis  of  our  generalization. 

In  this  chapter  we  shall  consider  its  essential  properties. 

When  a  metrical  decomposition 

is  given,  then  the  Christoffel  quantities 

Pv,  «  =  (4g  /9x  +  3g  /Sx  -  9g  /dx  )/2 

'  pqr  '  pq'  r  rp'  q  '^qr'  p'' 

have  the  form 

•^pqr  "  ^  aq(j)3ap(j)/ax^  + 

+  a^(j)dap(j)/dx^  +  a^C  j  )daj.(  j  )/dx^  - 

-  a^(j)da^(j)/9x^  -  a^( j )da^( j )/dXp)/2 . 

The  quantities 

Vr  =  ^pqr  "  »p(^  * 

-  (ap(o)da^(j)/dx^  -  a^(o )da^( j)/dXp)/2  + 

+  (a^(j)aap(j)/dx^  -  ap(j)aa^( j)/aXy)/2  - 

-  aj,(j)(aaq(j)/dXy  -  aap( j)/dXq)/2 


have  the  property  of  antisymmetry: 
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They  are  the  coefficients  of  an  infinitesimal  rotation 
which  has  the  same  absolute  character  as  Levi-Civita' s 
infinitesimal  parallel  displacement.  The  quantities 

W^(jk)  .=  aP(j)a‘l(k)Wp^y 

are  its  components  with  respect  to  the  four-leg  A. 

Weyl  assumes  that  the  connection  between  tensors  u  and 
spinors  v  is  characterized  by  the  relations 

u(j)  =  v'U(j)v, 

where  U(l),  U(2),  U(3)  are  Pauli's  spin  matrices,  and  D(4)/i 
is  the  binary  unit  matrix.  An  infinitesimal  ff-rotation  has 
the  effect 

6u(o)  =  6W(jk)u(k)  =  jk)u(k)dx^. 

What  is  its  effect  on  the  associated  spinor  v  ? 

Without  any  loss  of  generality  we  may  assume  that 

6v  ai  6Tv  3  T  V  dx^. 
r 

Now  we  have 

6u(j)  2v'U(o)6v  3  2v'Il(j)6Tv 

3  6W(jk)u(k)  -  v»6W(jk)U(k)v, 

and  therefore, 

2U(j)^"’  -  6W(ok)U(k), 

46T  =  6W( jk)U(j)U(k). 

Finally,  covariant  spinor  differentiation  is  defined  by 
Dv  ■  dv  +  6v  3  (d  +  6T)v, 

V  “  *r^^’ 
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where 

Tj.  -  W^(jk)u(j)u(k)/4. 


10.  The  general  concept  of  covariajit 
apinor  differentiation 

We  assume  that  the  relationship  between  tensors  and  spinors  is 
given  in  the  same  general  way  as  in  chapter  8.  Then  we  have: 

=  v'V(j)v,  V'(j)  =  V(j). 

An  infinitesimal  rotation  6  has  the  effect 

6u(j)  =  v'  dV(j)v  +  2  v'V(j)6v  ■ 

=  v'(dV( j)  +  2v(j)6T)v  . 

=  v'(dV(j)/dXy  +  2V(o)Tj.)v  dx*". 

If  6  is  an  infinitesimal  W-rotation,  we  have 

6u(j)  -  Wy(jk)u(k)dx^  =  v*Wj.(jk)V(k)v  dx*". 

Hence ,  the  relations 

2V(J)T^  o  W^(jk)V(k)  -  dV(j)/dx^, 

2V(j)V(j)T^  =  W^(jk)V(j)V(k)  -  V(j)av(j)/dx^ 

are  valid.  Now  we  have  to  calculate  the  invariant  V(j)V(j). 
We  obtain  the  following  result; 

V(j)V(j)  -  ap(j)aq(j)vV  -  gpqVM  -  fiH. 


Therefore,  we  may  write 
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.  H’''r‘'(W^(jk)v(j)v(k)  -  V(j)dV(j)/dx^)/2. 

Following  H.  Weyl,  we  define 

Dv  =  dv  4  6Tv , 

Dj.v  -  (d/ax^  +  T^)v. 

This  definition  of  covariant  spinor  differentiation  is  much  more 
general  than  that  by  H.  Weyl,  where  the  matrices  V(j)  are  constant. 
Our  definition  seems  to  be  the  most  general  one  that  is  possible 
at  all . 


11.  SchwarzBchild  space 

In  this  chapter  we  shall  illustrate  some  of  our  theoretical 
conceptions  by  the  example  of  the  Schwarzschild  space.  The 
quadratic  differential  form 

(ds)^  =« 

=  -(l  -  2m/r)(dt)^  4-  (l  -  2m/r)"’\dr)^  + 

2/j  n2  2  .  2  .2 

4-  r  (du)  4-  r  sin  u  (dv) 


is  the  Schwarzschild  metrical  fundamental  form.  On  introducing 
the  coordinates  x^  «=  t ,  X2  *  r,  =  u,  x^  =  v,  we  obtain  the 

matrix 


G 


/-(l-2m/r) 


I 


0 

0 

0 


0 

( 1  -2m/r)'’^ 
0 
0 


0 

0 

Z 

0 


0 

0 

0 


2  ,  2 
r  sin  u 


/ 


as  the  metrical  fundamental  matrix  of  Schwarzschild  space.  The 


matrix 
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A 


i(l  -2m/r)^/^ 
0 
0 
0 


0 

( 1  -2m/r)"  '  1'^ 
0 
0 


0 

0 

r 

0 


is  uniquely  determined  by  the  metrical  decomposition 

G  =  AA' . 


The  matrices 


i(l-2m/r)^/^ 


U  =  i2 


i  2-1/2 


0 

0 


i(l -2m/r) 


1/2 


0 

( 1 -2ra/r)”^/^ 
(l-2m/r)"l/^ 
0 


0 

ir 

-ir 

0 


and 


( 


0 

\i 


-1 


lead  to  a  metrica]  decomposition 
G  »  G'(H:^H)U. 


From 


^  i(l-2m/r)  '/^ 


-i2 


-1/2 


0 

0 


l/r  sin  u 


0  0 

(l-2m/r)^/^  (-2m/r)^/^ 
-i/r  i/r 

0  0 


i(l -2m/r)”^ 
0 
0 

-l/r  sin  u 


it  follows  that 
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v’  .  -  2''/^l(l  -  ° , 

=  -  2"’'/^i/r  sin  u  /  . 

Vo  -1  ^ 

Conversion  of  indices  yields  the  matrices 


V(1)  =  -i2“'’/^ 
V(2)  =  -i2“‘'/2 
V(3)  »  -i2"‘'/^ 
V(4)  =  -iZ""*/^ 


1 

0 

0 

1 

0 

i 

1 

0 


» 


» 


-i 


0 


» 


This  shows  that  in  the  case  of  Schwarzschild  space  our 
theory  of  covariant  spinor  differentiation  does  not  differ 
from  Weyl's  theory.  The  same  holds  for  all  diagonal 
metrical  fundamental  forms. 
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15.  The  decomposition  of  the  Gordon  operator 

1 .  Introduction; 

Dirac's  celebrated  method  of  deriving  the  euqation  of  the 

electron  was  based  on  the  decomposition  of  the  Gordon  operator 

in  the  form:  (o  -  m  )'f  =  (  -  m)'{'  =  o  (l), 

i  i 

.  which  led  him  automatically  to  both  the  known  Dirac 
matrices  with  their  commutation  relations,  end  to  the  Dirac 
equation.  By  a  decomposition  of  this  kind  it  is  obviously  possible 
to  reduce  a  second  order  differential  equation  (Klein-Gordon 
Eq.)  to  a  differential  equation  of  the  first  order  (Dirac  Eq.). 

This  was  so  far  the  decisive  point  since  positive  definiteness 
of  the  probability  density  ard  ivistic  covariance 

postulated  a  differential  equation  of  tin  first  order. 

To  find  the  equation  of  the  electron  (and  also  of  other 
elementary  particles)  in  the  ,  eneral  theory  of  relativity  it 
appears  obvious  to  proceed  ^nalo,,  ously ,  i.e»  to  decompose  the 
Gordon  operator  and  reduce  it  to  a  form  which  is  analogous  to 
(l).  In  the  following,  the  possilili cies  and  conditions  of  a 

decomposition  of  that  kind  are  studied  more  thoroughly  and  are 

^  ') 

then  discussed.  ' 


2.  Decomposition  of  the  Gordon  operator: 

In  the  general  theory  of  relativity  equation  (l)  has  the 
following  form: 

(2)  (  c=  -  m^)f  .  (^  +  ‘n)(  S’v*‘Dv-in)'F-0 

i,k  ^  i  ^  k  ^ 

*) 

At  this  place  we  shall  notice  that  our  derivation  of  Dirac's 
equation  in  the  First  Final  Technical  Report  is  wrong  because 
it  was  based  on  an  uncritical  concept  of  oovariant  spinor 
differentiation . 
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where  D  is  a  differential  operator  acting  on  the  wave  function 
(it  may  e.g.  be  the  covariant  differentiation,  but  it  may 
also  be  much  more  general.  Any  aesumption  in  point  is 
withheld  here  intentionally). 


If  we  now  form  the  product 


V^D.  +  m)  (SV^D.  -  m) 
i  ^  k  ^ 


we  arrive  at; 


(3)  ?  ^ 

1  yiC 

If,  then  I  we  postulate  that  »  /d^  for  all  i  and  k, 

it  is  found  that  (3)  passes  over  into 


(3')  J  5^  (vVd^Dj^  + 
i  ,k 

For  the  purpose  of  making  a  comparison  with  the  left  side  of 
(2)  we  write: 

(4)  D 

The  comparison  of  (3*)  with  (4)  gives; 

(5)  .  6“' 

It  must,  however,  be  mentioned  that  this  derivation  includes 
the  assumption  that  D^Dj^  /  *  "^ich  usually  applies  in 

the  general  theory  of  relativity.  If  (as  e.g. 

in  the  Lorentz  metrics),  (3)  !•  replaced  by  the  condition 

(V^V^  +  V^V^)  -  2g^^,  as  can  readily  be  seen  from  (3')  and  (4)> 
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Hence,  for  a  decomposition  in  the  form  of  (2),  the  following 
conditions  must  be  satisfied: 


(I) 

(li) 


V  \c 

D^V  =  V  D. 


for  all  i  and  k 


(ll)  can  also  be  written  in  the  form  since 


,,i„k  il„  ku,,  il  ku„  „  il  ku 

V  V  =8  V^g  \  ^  ^l^u  =  ®  ®  ®lu  '  ®  ® 


•  1  1  -iri 

il-|  =  £ _ ,  V 


thus 


il. 


being  equal  to  g 


5«  Discussion: 

a)  It  is  easily  seen  that  =  2g^^  follows  from  (ll)» 

ik  ki  ,,ki  ,  .  „i„k  „k„i  ik  ki  „  ik 
since  g  =  g  =  V  ,  and  hence  VV  +VV  -g  +g  =2g  . 

It  must,  however,  be  noted  that  this  conclusion  cannot  be  reversed. 
The  condition  (ll)  thus  implies  a  restriction  for  the  which 
is  essentially  greater  than  that  cf  the  usual  condition 

+  vV  =  2g^^. 


b)  From  (ll)  it  can  further  be  derived  immediately  that 

hence  =  0 

ik  X  k 

c)  From  (l)  and  (ll)  it  follows  moreover  that  g  “  Dj^8  or 


that  Dj^g 


ik  „  .  •  .ri.rk.^  ik_  _  „i,,k 

=  0,  since  V  V  =  g  =  D^V  V 


D,g 


ik 


(6) 
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} 


That  means  that  if  is  assumed  to  be  the  covariant 
differential  operator  for  a  tensor  of  the  second  rank, 

(6)  represents  nothing  else  but  the  Ricci  theorem  of  the 
general  theory  of  relativity.  The  conditions  (l)  and  (ll) 
thus  appear  to  be  consistent  with  the  general  theory  of 
relativity . 


d)  It  is  above  all  the  condition  (ll)  that  seems  to  postulate 
rather  too  much  since  it  fails  to  be  satisfied  already  in 
the  case  in  which  the  metric  is  diagonal.  For  if  the  metric 
is  assumed  to  be  composed  of  the  diagonal  elements  a^  , 

a^,  a^,  the  following  relation  must  necessarily  be  valid 

according  to  (ll): 

=  g^^  =  and  hence 

(det  =  (det  g^^)  ,  i.e.  det  -  +y(det  g^^)'  /  0 

for  all  i  (x) 

But  on  the  other  hand  also  V^Vj^  =  -  0  must  be  satisfied 

for  i  /  k.  Prom  this  it  can  be  concluded  that  either  det 


-  29  - 

or  det  Vj^  must  be  zero,  which  is  inconsistent  with  (x). 


4«  A  method  for  decomposing  the  Gordon  operator  so  that 


In  the  following  an  attempt  is  made  to  decompose  the  Gordon 

i  Ic  Jc  d.  ilc 

operator,  retaining  the  commutation  relation:  V  V  +  vV  =  2g  . 
We  are  prompted  by  two  reasons  to  proceed  in  this  way: 

On  the  one  hand  it  appears  extremely  difficult,  and  most 
probably  even  impossible,  to  satisfy  the  eonditions  (l)  and 
(ll),  as  is  apparant  from  5d),  on  the  other  hand,  the  natural 
extension  of  the  ordinary  Dirac  commutation  relations 


V.V,  +  V,  V.  »  26.,  to  the  general  theory  of  relativity  is  given 


*ik  ®ik» 


ik 


^i\  ^  Vi  -  2g 


or 
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are  obtained  directly  (V^  * 


Here  we  start  again  from  (2)  and  (3):  Hence 

(7)  (?-V^D  +  m)  (5:v\  -  m)  =  1  .r.  (V^D.v\  + 

i  k  i  ,k 

We  must  now  again  postulate  that  ^  -  V^D^.  writing  at  the 

same  time  additionally  (the  will  be 

determined  more  accurately  later).  (See  appendix).  Then  (7) 
passes  over  into 


(8)  (2V^D^  +  m)(Zv‘'Dj^  -  m)  =  7  (V^V^  +  vV)D^Dj, 

i  k  i  ,k 


+  i  Z.  -  m^ 

i,k 


We  now  assume  that  =.  2g^^  and  that  the  Klein-Gordon 

Eq.  is  valid:  (o  "  m^)^  =  ® 


Hence  (8)  reads  to 

(9)  Z.  V^V^A.  .  0 

i,k 

which  means  that  if  condition  (9)  is  satisfied,  it  will  be 
possible  to  decompose  the  Gordon  operator  and  reduce  it  to 
the  form  of  (2)  and  hence  to  a  Dirac  equation 

(r.V^D^  -  m)?  -  0  using  -  2g^’‘  and  21 

i  ^  f  ^ 


0 
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5i  Conclusions; 

It  is  possible  to  decompose  the  Gordon  operator  in  the  form 

(a  -  =  iy2y\  -  m)  +  m): 

i  ^  k 


1 )  If  /' 


2)  Or  if  D.V^  = 


V 


=  2g^^  I 


and 


=  0 

i,k 


J 


,  being  defined  by  = 


=  L.D,  + 
1  k 


:V,  <  • 

ki 


Appendix. 

■  Determination  of  the  Aj^^: 

From  the  equation  defining  the  Aj^^: 

(10)  -  B.D^  .  A^, 


it  can  be  derived  immediately  that  the  A^^  must  be  anti- 
symmetrical  . 

For  if  in  (10)  i  and  k  -are  commutated  one  obtains 

(11) 


DkDi  A.^  or  Dj^D.  =  D.Dj^  -  A^j^, 


Hence  the  comparison  with  (1C)  entails  the  antisymmetry 


It  must  be  pointed  out  that,  in  the  case  in  which 
the  indicate  a  covariant  differentiation  and  acts  on  a 

vector,  is  the  Riemann-Christof fel  curvature  tensor. 

If  we  assume  for  quite  generally  the  form: 

(11)  we  obtain  for 


“l^k  *  ■  Vk>  ■*  (*k'i  ■  ■  °i'=k> 


i.e.  for  the  A^^: 


02)  .  (c^a^  -  c.a^)  .  (a^c^  -  a^c^)  .  (c^o^  -  c^c^). 


Which  also  shows  the  antisymmetry  at  first  sight.  (12)  shows  that 
the  Aj^^  will  be  determined  as  soon  as  the  differential  operator 
is  known. 
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14«  Development  of  the  srlnor  th.jcr.v  in  the  Rieaannian  geometry 

during  the  laat  years 


A.  Introduction; 

In  this  chapter  a  survey  will  be  given  on  the  efforts  made  and 
the  developments  in  the  spinor  theory  in  the  general  theory  of 
relativity  in  the  course  of  the  recent  years. 

Since  about  1  930  when  Pock,  Iwanenko,  Weyl ,  Schr'o’dinger,  Infeld 
and  Van  der  Waerden  attempted  for  the  first  time  a 

generalization  of  spinors  and  of  the  Dirac  theory  of  the  electron 
to  the  Riemannian  geometry  and  obtained  fundamental  results, 
no  essentially  new  results  had  been  obtained  in  this  field  for  a 
long  time. 

Only  less  than  ten  years  ago  interest  in  this  field  grew  again 
in  order  to  study  the  relationship  between  the  field  theory  and 
the  elementary  particle  theory  and  the  quantum  electrodynamics 
on  the  one  hand  and  the  general  theory  of  relativity  on  the 
other. 

Vi/hat  are  the  main  problems  that  remained  unsolved  in  1 930  and 
which,  therefore  required  a  mere  detailed  investigation  in  the 
last  years  and  even  now  are  not  completely  solved  ? 

(1)  In  most  of  the  studies  with  the  what  is  called  "four-leg” 

formalism  a  special  system  of  co-ordinate's  was  used#  Only 
Schrodinger  based  the  calculations  on  fully  general, 

curvilinear  co-ordinates.  He  did  not  succeed,  however,  in 
establishing  a  completely  consistent  spinor  theory.  (See  the 
following  points.) 

(2)  There  was  no  general  analytical  expression  for  the  spinor 
affinity  in  arbitrary  curvilinear  co-ordinates.  Hence  the 
analysis  was  widely  uncertain. 

(3)  The  hermiticity  properties  of  the  y-matrices  required  by  most 
of  the  authors  were  admissible  only  for  special  systems  of 
co-ordinates  but  not  for  general  ones.  As  a  result,  difficulties 
arose  later  in  the  formation  of  covariant  expressions. 

(4)  The  relationship  between  spinor  theory  and  bispinor  theory 
including  the  relationship  between  the  y-matrices  and  the 
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cJ-matrices  was  not  known  at  all. 

(5)  The  behavior  of  spinor  equations  towards  P-*C-»T-  transforma¬ 
tions  which  play  an  important  part  in  the  theory  of  elementary 
particles  has  not  yet  been  discussed  sufficiently.  Above  all 
the  problem  of  the  violation  of  parity  in  the  general  theory  of 
relativity  has  hitherto  not  been  explained. 

All  these  shortcomings  might  perhaps  be  explained  best  by  the 
lack  of  an  axiomatic  theory  of  spinors  in  the  Riemannian  space. 
Above  all,  E.  Sohmutzer  dealt  with  this  axiomatic 

theory  and  made  studies  on  spinor  algebra  and  spinor  analysis 
in  this  sense.  He  also  succeeded  in  solving  a  large  number  of 
the  above  problems.  I’he  following  considerations  are  based  on 
his  studies. 

Also  the  papers  of  P.  Bergmann  ^9]  »  Green  E*  0  ’  Fletcher 

ri2j,  Nakamura  and  Toyoda  j^1 5j  >  Stephenson  Higgs  [^153 

ani  others  are  worth  being  mentioned.  They  also  contributed  to 
the  solution  of  the  problems  mentioned  above. 

The  following  pages  give  a  survey  on  the  results  of  the  most 
important  studies. 

3.  Spinor  algebra  in  the  Riemannian  space; 

1.  Fundamental  conceptions: 

denotations ;  Greek  indices  refer  to  the  real  tensor  space  which 
shall  have  the  signature  (+,+,+»-). 

Latin  capital  indices  refer  to  the  twodimensional 
spinor  space. 

The  following  formulas  are  defined  in  simple  extension  to  the 
corresponding  formulas  in  the  Minkowski  space. 

It  has  been  found  that  spinor  algebra  as  well  as  spinor  analysis 
can  be  constructed  fully  consistf ntly . 

a)  The  metric  in  the  spinor  space  shall  be  given  by  so  that 

for  a  spinor  u: 
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.here  .  h/  .  ^  h 


AB  “  "^BA 


The  Behavior  for  automorphio  transformations  of  a  spinor  is 
described  by 

A*  A '  A 
u*  =  A*,  u* 

A 

'^A'  ^  ^A*  “a 


.ith  a‘;  a^?  .  hj‘= 

from  which  we  also  obtain 


A®  aA'  V  B 

and  A  . ,  A  .  =  h, 

A'  A  A 


,A'  .  A'  .  ,A' 

^  B  =  S  =  S 


A  B  ,B 

■*■4  •  ~  4  I 


b)  The  relationship  between  vectors  (generally  tensors)  and 
spinors,  in  analogous  extension  to  the  Lorentz  case,  is  given 
by: 

a*^  =  4  u*  and  the  inversion 

d  AB 

“Ab  “  '^pAB 

^pAB  called  the  metric  spin  tensor 

2,  Fundamental  axioms  for  the  construction  of  the  spinor  algebra t 
The  whole  algebra  is  dominated  by  2  axioms: 

First  Axiom:  Hermiticity  of  the  metric  spin  tensor: 

(jpAB  ^  gpBA 


i 
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Second  Axiom; 


*HV  ^AC 


+ 


1 

2 


'll  V  QT 


(£  li'^QT  .  .  .  Levi  -  Civita's  paeudo-tensor) 


The  second  axiom  is  substantiated  by  splitting  the  spinor 
product  part  symmetrical  in  and 


into  another  antisymmetrioal  in  |ij»)  ,  in  the  following  form: 


V  BC 


^AC  ^ 


B6. 


|i  WT 


For  simplicity  A  is  normalized  to  1 .  B  is  then  obtained  from 
the  inner  consistency  of  the  axiom  (left-hand  side  of  the 
equation  is  substituted  in  the  right-hand  side). 

The  folloA^ing  important  and  interesting  relationships  follow 
from  the  two  axioms: 


'^VBA 

v'a 

BC 

=  ^^AC 

V? 

’  AB 

'^\7CD 

=  ^DB 

Vab 

g'^'*  =  -2  h^^  hgjj 

The  last  formulas  are  derived  mainly  by  interchanging  in  the 
second  axiom  4  and  ,  then  once  adding  this  expression  to,  rso* 
subtracting  it  from  the  second  axiom  and  then  multiplying  it 
with  adequate  factors. 

C.  Spinor  analysis  in  the  Riemannian  space: 

A  covariant  derivative  of  the  spinors  shall  be  defined  in  the 


Riemannian  geometry.  For  only  opinor  algebra  and  spinor 
analysis  make  it  possible  to  establish  spinor  equations. 
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Definition  of  the  covariant  derivative  « 


“"W  =  u- 


pB 
'  AV 


spinor  affinity 


The  purpose  is  to  find  an  expression  for  the  spinor  affinity. 
The  following  axiom  (Third  Axiom)  shall  be  added  to  the  above 
definition  with  which  spinor  analysis  will  then  be  set  up: 


^^AB 

14 


0 


Hence  it  determines  the  covariant  derivative  of  the  metric 
spin  tensor.  • 

The  definition  of  the  covariant  derivative  gives  the 
following  relations  for  the  covariant  derivative  of  the  metric 
in  the  spinor  space: 


^ABjV  °  ^  W  ^AC  ^DB 


.  .  DB  .  CA 

h--.  n  n 

C3)|V 


With  the  abbreviation 


the  following  relations  are  obtained  with  the  aid  of  the  second 
axiom: 


-58. 


^kB}^  ‘  ~  ^  ^AB 


hAB 


Hence  these  equations  determine  the  covariant  derivative  of 
the  metric  spinor. 

Since  it  would  be  too  long  to  give  all  formulas  and  derivatives 
which  eventually  lead  to  an  explicit  expression  for  the 
affinity,  we  shall  briefly  outline  the  method: 

is  split  in  the  following  form 


v' 


The  significance  of  this  splitting  will  become  manifest  only 
in  the  following  considerrtious .  The  following  condixions  for 
the  p/.  f  follow  directly  from  the  formulas  derived  abOT*; 


(the  latter  formula  is  the  relation  following  from  the 
definition  of  the  covariant  derivative: 


rL  *  riv  ■ 


»v 


shall  be  split  into  real  and  imaginary  part; 
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Dt  Dirac  equation; 


To  develop  a  Dirac  equation  in  the  Riemannian  space  two 
independent  ways  arc  possible,  in  analogy  to  the  Lorentz  space j 
e.g.  that  of  Inf  eld  and  Var.  dcr  'ffaerden  which  is  based 

on  the  spinor  theory,  and  that  of  the  bispinor  theory  which 
Schrodinger  |^3~j  used  for  the  first  time.  However,  he  did 
not  succeed  in  developing  it  fully  consistently. 

E.  Schmutzer  j|5>7>b  j  coordirated  these  two  forms. 

(l)  For  this  purpose  it  ic  inportant  to  construct  a  theory 
of  the  Dirac  y- operators: 

Unlike  most  of  the  authors  wliich  based  the  theory  on  the 

Dirac  y-matrices,  hence  rega.d'id  it  as  primary  and  the 

metric  as  secondary  dn^  to  t'  c  relation 

y  y  +  y  y  ,  =  2g  .  vvu  ehi-ll  integrate  the  y-operators 
4  V  4 

into  E.  Schmutzer's  axiomatic  theory  7 J  •  The  commutation 
relation  shall,  however,  be  valid: 

Since,  like  in  the  Lorentz  metric,  the  are  very  probably 

(as  will  be  proved  later  c-iy  related  to  the  Pauli  matrices, 
the  following  extremely,  general  statement  is  made  upon 
which  also  the  secona  axiom  is  based: 

^4^»  “  '"■iv  ’’  ^  4S?  ^ 

where  C  (an  operator)  i."  s  .  11  unknown,  but  is  determined  to 

be  -4C^  a  C,  if  y  y„  in  ajain  exnressed  by  the  same  formula, 
cc  I- 

y^  can  be  defined  in  analogy  to  the  Lorentz  case: 

(  ''5  '  4TT  ‘  'V  V.'P 
1 

Eventually,  C  =  ^  iy^  ir  -'’'‘nined  so  that  the  above  statement 

can  be  written  as  foilown  ind  at  the  same  time  regarded  as  the 
fourth  axiom; 


41 


Besides,  also  shall  be  defined. 

It  is  evident  at  first  sight  that  the  generally  known 

commutation  relation  y  y.,  +  y  y  =  2g  .  is  a  direct 

'u' V  'V  u  u  V 


consequence  of  this  axiom. 

In  the  theory  of  y-operators  its  hermiticity  conditions  are 
of  great  importance. 

It  has  been  found  that  the  simple  extension  of  hermiticity 

in  the  Lorentz  space  to  the  Riemannian  space 

+ 


y 


y 


(a  real) 


(*) 


is  impossible  in  the  framework  of  this  axiomatic  theory  but 
that  either  only 


y 

-r'' 

and 

+ 

II 

1 

or 

4* 

■  V 

and 

4+ 

y  »  - 

is  compatible  with  the  previously  derived  conditions  and  in  this 
metric.  In  both  cases,  however,  it  follows  that  y^  *  y^. 


(2)  In  order  to  establish  the  relationship  between  spinor  geometry 
and  bispinor  geometry  the  problem  of  the  splitting  of  y-operators 
into  the  Pauli  0-operators  has  still  to  bo  solved. 

If  the  most  general  formulation 


y 


4 


» 


> 


I 


which  may  bring  about  such  a  splitting,  enters  the  above  formulas 
for  the  y  and  o^^^  etc.  then  we  obtain  a**  ■  -  0  in  any  case. 


Thus,  it  follows  generally  that 


=  i 


0  ,  -cJ*' 

Q*",  0 


with  the  relations 


oV  +  =  26^*^ 


where 

and 


For 


we  obtain  the  splitting 


(it  should  be  reoinded  that  1  is  the  binary  unit  matrix) 

If  the  above  hermiticity  condition  (x)  is  impo'sd  on  the 
y-matrices,  then  the  following  simple  formulas  are  obtained 


<J^  =  ,  0^  =  h  *  1  , 


i.e.,  furthermore 


.  2g‘J 


0^0.  =  0.0^ 

4  4 


°  ■  ®44 


0 


(3)  Construction  of  the  Dirac  equation: 

(a)  Spinor  theory; 

According  to  Van  dcr  Waerden  Dirac  equation  in 

liiemannian  geometry  has  the  following  form: 
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O^AB  ,,  .  .  -V  A 


Bjn 


-  i 


=  0 


»'-•  -  i  »  -  0 


L 


BA  %  Jti 


where  was  determined  in  chapter  Cl 

B|U 

\p  _  w  —  n  ^  w 

B|p~  3ip  iRii 


Bp  *A 


ij  "V  B 

A>  ;p  =  A,  , 


B 


V  ^  ’  Ap  \ 


where 


=  i  ?  I  +  7  i  h  /  +  TT  +ir  ) 


(For  more  detailed  significance  of  the  individual  quantities 

see  chapter  C).  P  =»  0,  if  hermiticity  is  imposed  on  the 

>4 

y-matrices  in  the  above  sense. 


TT  2e  , 
p  Uc  p 


A^  -  four  potential 


The  physical  significance  of 
fully  explained. 


has  hitherto  not  been 


(b)  Bispinor  theory: 

In  this  theory  the  Dirac  equation  can  be  written  in  the 
following  form  J  ! 

y^  'f  +  H  ’f  =  0 
'  f4 

where 
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and  -  Y  +  P  T 

14  »4  4 


'9  -  biapinor 


Both  forma  become  identical  if 


'^A 


>>*  -  (^^  V 


and 


r. 


ft  •  « 

0  .  -n! 


A4 


r  ^ 

4 


n  f 
‘  Au  » 

0  , 


fi  A 
'  Bn 


Ad.ioint  Dirac  eouation; 

In  analogy  to  the  Lorentz  case  it  ia 


f  -  X  f  »  0 
14  ^ 


tv -tv 


Continuity  equation; 

(f  y*^  f)  *  0 
'  '  14 

where  f  = 


p  ia  determined  from  the  adjoint  equation*  the  continuity  equation 
and  the  covariant  dii ferentiation  of  the  bispinor  with  the 
exception  of  a  constant  factor*  which*  in  this  case*  was  put 
equal  to  1 ; 


0  * 
A 


■‘A 


-h' 


I 


1»  P 


P 


B’ 
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E.  Formation  of  covarianta: 

The  problem  of  the  formation  of  covariant  expressions  is  of 
special  importance  in  formulations  in  the  field  theory  and  the 
theory  of  elementary  particles.  For  this  reason  the  formation 
of  covariant  expressions  within  the  framework  of  this  theory 
shall  be  dealt  with  briefly. 

In  the  sense  of  the  spinor  theory  developed  in  B.  and  C.  the 
transformation  behavior  with  respect  to  spinor  and  tensor  space 
can  be  read  easily  from  the  above  index  form  and,  therefore ,  needs 
no  further  discussion. 

This  is  also  possible  easily  within  the  framework  of  the 
bispinor  theory  if  the  relations  between  spinor  and  bispinor 
theory  given  in  the  last  chapter  are  used.  With  the  aid  of 
these  expressions  the  bispinor  theory  can  be  reduced  to  the 
spinor  theory. 

In  this  way  the  transformation  behavior  of  the  following 
quantities  can  be  understood  easily: 

‘5  ¥  .  .  .  .  hermitian,  scalar 

(i  ¥  ¥)  .  .  .  .  vector .  hermitian 

(i  ¥  y^  ¥)  .  .  .  .  pseudoscalar,  hermitian 

etc.  i.fc,  expressions,  fully  analogous  to  the  Lorentz  case. 

It  is  pointed  out  that  for  this  purpose  no  hermiticity 
conditions  are  imposed  on  y*^. 


F.  Generalized  Dirac  equation  according  to  E.  Cartan 


It  is  of  some  interest  to  compare  E.  Cartan's  method  of 
"repere  mobile"  with  H.  V/eyl's  ‘reatment  as  represented  in  the 
preceding  two  chapters.  Carte,  writes  the  Dirac  equation  in 
the  form 


((h/i)D  -  m^K)u  =  0, 


where 


0 

■1 

0 

0 


0 

0 

1 

0 


D  is  the  oper'tor  of  covariant  differentiation.  Its  effect  onto  a 


l 
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vector  X  le  the  following: 

Dx  ■  dx  +  Jx,  (11 ) 

in  which  d  is  the  relative  differentiation,  and  /  is  a  certain 
infinitesimal  rotation.  The  vector  x  corresponds  to  a  spinor 
quantity  X  of  the  second  rcnk.  The  co-ordination  x-*X  is 
such  that 

(xy)  -  (XY  +  YX)/2,  (12) 

where  (xy)  is  the  inr.r  product  of  the  vectors  x  and  y.  The  relation 


(12)  is  the  findamental  formula 

of  Cartan's  spinor  calculus. 

The 

effect  of  the 

operator  D  onto 

a  spinor  X  is 

DX  -  dX  +  h 

(13) 

in  which 

jX  =  (X'/fL 

/:ix)/2 

(14) 

and 

jf:*  +  Jn  » 

0. 

(15) 

These  relations  are  in  full  agreement  with  the  case  of  an  euclidean 
metrical  ground  form.  The  transition  from  a  spinor  X  of  the  second 
rank  to  a  spinor  u  of  the  first  rank  is  symbolically  done  as  follows: 

X  -  uu^.  (16) 

The  infinitesimal  rotation  coiresponding  to  the  infinitesimal  rotation 
•!X  is 

/u  ■  -  i<-lu/2.  (17) 

Proof: 

/x  »  i-rUU*  +  Ut'U*^  ■  -  (*f/UU’‘/2  -  uu'e  /2  ■  (Xc/-''"“  -  /*iX)/2. 

Therefore  we  obtain 

Du  »  du  -  ^•*4u/2. 

The  infinitesimal  matrix  depends  on  the  metrical  ground  tan* 

Its  calculation  is  formally  similar  to  that  of  Weyl's  dE.  Its  meaning 
is,  however,  somewhat  different  from  that  of  dE. 


/ 
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G.  Remarks  to  the  prectding  report  on  recent  literature 


The  inveatigations  referred  to  in  the  preceding  chapter 
have  some  features  in  common  with  our  own  investigations. 
The  moat  remarkable  of  them  is  that  covariant  spinor 
differentiation  is  understood  in  the  sense  of  the 
tensor  space  and  not  in  that  of  the  spinor  space. 

This  has  been  done  for  the  first  time  by  H.  Weyl  after 
E.  Cartan  had  shown  that  the  other  way  was 
impossible.  There  is  only  one  possibility  of 
generalizing  Weyl ' s  concept  of  spinor  differentiation: 
variable  spinor  metrical  fundamental  form  H. 

This  possibility  has  been  used  by  the  authors 
mentioned  as  well  as  by  ourselves.  Our  fundamental 
assumptions,  however,  arc  much  more  general  than  those 
of  other  authors.  Therefore,  our  results  do  not  go 
into  such  detail  and  are  not  yet  capable  of  special 
physical  interpretation.  Some  of  the  axioms 
introduced  by  other  authors  seem,  however  to  be 
artificial  and  not  suggested  by  geometrical  facts. 
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1 5 Ma'thematical  appendix;  A  quadratic  calculue 


ri;is  chapter  contains  a  calculus  similar  to  the  Kronecker  one,  V/e  have 
developed  it  in  order  to  investigate  spinor  algebras  in  a  formally 
simple  manner.  Let  u  and  v  be  two  binary  vectors  the  elements  of  which 
are  operators: 


r'\ 

u 

1  J  f 

V  .  1 

CM 

> 

Let  A  be  a  binary  matrix  with  real  or  complex  elements, 


®’',2 

A  =  ( 

\^21 

^22 

.;ich  interrelates  the 

vectors 

V 

-  Au. 

!y  means  of  the  matrix 

2u! 


R(uOiPu)  -  IU<,U2  4  U2UJ 


V  2u; 


■'nd 


.(2) 


2 

2  \ 

2a^  1®-12 

®12  I 

;  ®11®21 

*■12^22 

2 

2a2^a22 

2  j 

.  ^21 

®22  / 

Low  \ic  have 
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2*11 

2*11*12 

2*12*11 

2*12 

\ 

\ 

'11*21 

*11*22‘^*21*12 

*11*22‘*’*12*21 

2*12* 

22j 

2*21*22 

2*22*21 

2*L 

/ 

/ 

>(2) 


R. 


From  this  basic  relation  we  derive  the  following: 

=  R(v®v)  =  R(a  Qi,A)(u-^u)  =  A^^^R(u0;u)  = 

As  an  example  we  consider  a  two-component  model  of  our  derivation  of 
generalized  Pauli  and  Dirac  matrr'css.  We  assume  that  the  operators 
fulfil  the  commutation  relations 

“i“k  *  Vi  ■  ^  ^ik’ 

which  we  may  write  in  the  form 

/  1 


u 


(2) 


Then  we  have 


r(2) 


2  2 
/  ^11  *  ®12 


*  ^12^22 

.  2  2 

\  ^21  ®22 


The  requirement  that 


26. 


or 


.(2) 


2;  g 


12 


ik’ 


^  . 


\®22 


leads  to  the  conditions 


2  2 
®11  *12 


®1.1 ' 


*11*21  *12*22 


*21  *22 


■  ®12’ 
®2?’ 

which  may  be  v^ritten  in  the  form 

AA '  “  G» 

This  result  is  well-known  to  us. 


t 
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